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Abstract 

We show the details of the calculation of the hadronic thermal corrections to the two-point functions 
in the effective field theory of QCD for pions and vector mesons based on the hidden local symmetry 
(HLS) in hot matter using the background field gauge. We study the temperature dependence of 
the pion velocity in the low temperature region determined from the hadronic thermal corrections, 
and show that, due to the presence of the dynamical vector meson, the pion velocity is smaller than 
the speed of the light already at one-loop level, in contrast to the result obtained in the ordinary 
chiral perturbation theory including only the pion at one- loop. Including the intrinsic temperature 
dependences of the parameters of the HLS Lagrangian determined from the underlying QCD through 
the Wilsonian matching, we show how the vector manifestation (VM), in which the massless vector 
meson becomes the chiral partner of pion, is realized at the critical temperature. We present a new 
prediction of the VM on the direct photon- vr-vr coupling which measures the validity of the vector 
dominance (VD) of the electromagnetic form factor of the pion: We find that the VD is largely 
violated at the critical temperature, which indicates that the assumption of the VD made in several 
analyses on the dilepton spectra in hot matter may need to be weakened for consistently including 
the effect of the dropping mass of the vector meson. 
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1. INTRODUCTION 



Spontaneous chiral symmetry breaking is one of the most important features in low energy 
QCD. The phenomena of the hght pseudoscalar mesons (the pion and its flavor partner), 
which are regarded as the approximate Nambu-Goldstone bosons associated with the symmetry 
breaking, are well described by the symmetry property in the low energy region. This chiral 
symmetry is expected to be restored in hot and/or dense matter and properties of hadrons will 
be changed near the critical point of the chiral symmetry restoration 

is important to investigate the physics near the phase transition point both theoretically and 
experimentally. In fact, the CERN Super Proton Synchrotron (SPS) observed an enhancement 
of dielectron (e+e") mass spectra below the p/u resonance j^. This can be explained by the 
dropping mass of the p meson (see, e.g., Refs. 0, 0, 0]) following the Brown- Rho scaling 
proposed in Ref. 3]. Furthermore, the Relativistic Heavy Ion Collider (RHIC) has started to 
measure several physical processes in hot matter which include the dilepton energy spectra. 
This will further clarify the properties of vector mesons in hot matter. Therefore it is interesting 
to study the properties of the pion and vector mesons near the critical temperature, especially 
associated with the dropping mass of the vector meson. 

There is no strong restriction concerning vector meson masses in the standard scenario of 
chiral symmetry restoration, where the pion joins with the scalar meson in the same chiral 
representation [see for example, Refs. However there is a scenario which cer- 

tainly requires the dropping mass of the vector meson and supports the Brown- Rho scaling: In 
Ref. it was proposed that there can be another possibility for the pattern of chiral sym- 
metry restoration, named the vector manifestation (VM). The VM was proposed as a novel 
manifestation of the chiral symmetry in the Wigner realization, in which the chiral symmetry 
is restored by the massless degenerate pion (and its flavor partners) and the longitudinal p me- 
son (and its flavor partners) as the chiral partner. In terms of the chiral representations of the 
low-lying mesons, there is a representation mixing in the vacuum 14|. When we approach 
the critical point, there are two possibilities for the pattern of the chiral symmetry restoration: 
One possible pattern is the standard scenario and another is the VM. Both of them are on an 
equal footing with each other in terms of the chiral representations. It is worthwhile to study 
the physics associated with the VM as well as that with the standard scenario of the chiral 
symmetry restoration. 

It has been shown that the VM is formulated at a large number of flavor critical tem- 
perature ^ and critical density 16] by using the effective field theory including both pions 
and vector mesons based on the hidden local symmetry (HLS) 0,^^, where a second order 
or weakly first order phase transition was assumed. In the VM at finite temperature and/or 
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density, the intrinsic temperature and/or density dependences of the parameters of the HLS 
Lagrangian played important roles to realize the chiral symmetry restoration consistently: In 
the framework of the HLS the equality between the axial vector and vector current correla- 
tors at the critical point can be satisfied only if the intrinsic thermal and/or density effects 
are included. The intrinsic temperature and/or density dependences are nothing but the in- 
formation converted from the underlying QCD through the Wilsonian matching |li,|l3. In 
Ref. js^l; the predictions of the VM were made on the pion velocity and the vector and axial 
vector susceptibilities. It was stressed that the vector mesons in addition to the pseudoscalar 
mesons become relevant degrees of freedom near the critical temperature. 

In this paper we shed some light on the validity of the vector dominance (VD) in hot matter. 
In several analyses such as the one on the dilepton spectra in hot matter carried out in Ref. 0| , 
the VD is assumed to be held even in the high temperature region. There are several analyses 
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resulting in the dropping mass consistent with the VD, as shown in Refs. j21|, 
other hand, the analysis done in Ref. j^l shows that the thermal vector meson mass goes 
up if the VD holds. Thus, it is interesting to study what the VM predicts on the VD. In the 
present analysis we present a new prediction of the VM in hot matter on the direct photon- tt-tt 
coupling which measures the validity of the VD of the electromagnetic form factor of the pion. 
We find that the VM predicts a large violation of the VD at the critical temperature. This 
indicates that the assumption of the VD may need to be weakened, at least in some amounts, 
for consistently including the effect of the dropping mass of the vector meson. 

This paper is organized as follows: In section|21 we show the HLS Lagrangian which we use in 
the present analysis. In sectional we present an entire list of the hadronic thermal corrections 
to the two-point functions including the vector and pseudoscalar meson loop contributions in 
the background field gauge. We think that it is useful to summarize the entire list of the 
hadronic thermal corrections since only the relevant part of them was listed in Ref. 
section EJ we first give an account of the general idea of the intrinsic thermal and/or dense 
effects, which was not explicitly stated before. Then, following Ref. we briefly review 
how to extend the Wilsonian matching to the version at non-zero temperature to incorporate 
the intrinsic thermal effect. In sectional we show the explicit forms of the pole masses of the 
longitudinal and transverse modes of the vector meson at non-zero temperature. Including the 
intrinsic thermal effect through the Wilsonian matching, we show how the VM is formulated at 
the critical temperature. In sectional we study the temperature dependences of the temporal 
and spatial pion decay constants and the pion velocity in the low temperature region. The 
estimation of the value of the critical temperature is also carried out in wider range of input 
parameters than the one used in Ref. In section [71 we study the validity of the VD in hot 
matter, and show that the VD is largely violated near critical temperature. In section |S[ we 
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give a summary and discussions. Several functions and formulas used in this paper are listed 
in Appendices A-D. 



2. HIDDEN LOCAL SYMMETRY 

In this section, we show the Lagrangian based on the hidden local symmetry (HLS) which 
we use in the present analysis. 

The HLS model is based on the Ggiobai x -f^iocai symmetry, where G = SU{Nf)L x SU^Nf)^ 
is the chiral symmetry and H = SU{Nf)v is the HLS. The basic quantities are the HLS gauge 
boson and two matrix valued variables C,l{x) and ^r{x) which transform as 

^lA^) ^'lA^) = Kx)^l,r{^)9l,r , (2-1) 

where h{x) G i/iocai and g^ R G [SU(A'/)L,R]giobai- These variables are parameterized as 

^^ j^{x) = e^'^(")/^'^e^'"(")/^- , (2.2) 

where vr = Tr^T^ denotes the pseudoscalar Nambu-Goldstone bosons associated with the spon- 
taneous symmetry breaking of Ggiobai chiral symmetry, and a = (J°'Ta denotes the Nambu- 
Goldstone bosons associated with the spontaneous breaking of i^iocai- This a is absorbed into 
the HLS gauge boson through the Higgs mechanism. and F^. are the decay constants of the 
associated particles. The phenomenologically important parameter a is defined as 

F 2 

(2.3) 



F 2 • 

The covariant derivatives of ^l^r are given by 

D^^R = d^^R - iV^^R + i^rU^, (2.4) 

where is the gauge field of i/iocai, and and 71^ are the external gauge fields introduced 
by gauging the Ggiobai symmetry. 

The HLS Lagrangian with the lowest derivative terms in the chiral limit is given by jl7|, |l8| 

£(2) = F^hr[a^^a>i] + F^^trfdy^ajf] - ^tiiV^.V^"] , (2.5) 

where g is the HLS gauge coupling, V^u is the field strength of and 



2V 



^[D^iR-ii + D^iL-i{] . (2.6) 
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In the HLS, as first pointed in Ref. 24 1 and developed further in Refs. 0, 
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thanks to the gauge symmetry, a systematic loop expansion can be formally performed with 
the vector mesons included in addition to the pseudoscalar mesons. In this chiral perturbation 
theory (ChPT) with HLS the vector meson mass is considered as small compared with the 
chiral symmetry breaking scale A^, by assigning 0{p) to the HLS gauge coupling 
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9 ~ 0{p). 



(2.7) 

According to the entire list shown in Ref. [26[, there are 35 counter terms at O(p^) for general 
Nf. However, only three terms are relevant when we consider two-point functions in the chiral 
limit: 

£(4) = ^itr[V^,V'^'^] + Z2tT[A,,An + zM^^uVn, (2.8) 



where 



V, 



(2.9) 
(2.10) 



with 7^,. and being the field strengths of 7^, and 

In Ref. [19(1 , based on the ChPT with HLS, the Wilsonian matching was proposed, through 
which the parameters of the HLS Lagrangian are determined by the underlying QCD at the 
matching scale A. (For a review of the ChPT with HLS, the Wilsonian matching and VM at 
zero temperature, see Ref. 1^.) The Wilsonian matching at T = with Nf = 3, where the 
validity of the ChPT with HLS is essential, was shown to give several predictions in remarkable 
agreement with experiments 3, 0| . This strongly suggests that the ChPT with HLS is valid 
even numerically. In Ref. 15|, we applied the ChPT with HLS combined with the Wilsonian 
matching to finite temperature. There the expansion parameter is r/F,r(A) instead of T/F.^{0) 
used in the standard ChPT. Since -F7r(A) > F.,^{0), we think that the present formalism can be 
applied in the higher temperature region than the standard ChPT. 



3. TWO-POINT FUNCTIONS IN BACKGROUND FIELD GAUGE 

In the present approach hadronic thermal effects are included by calculating loop contribu- 
tions of the pseudoscalar and vector meson. In Ref. 0| we used hadronic thermal corrections 
to the pion decay constant and vector meson mass calculated within the framework of the 
chiral perturbation theory with HLS in the Landau gauge. While in Ref. j^l hadronic ther- 
mal corrections were calculated in the background field gauge. (For the application of the 
background field gauge to the HLS, see, e.g., Ref. [l^.) In this section we show details of the 
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calculation of the hadronic thermal corrections to the two-point functions in the background 
field gauge. 

Let us consider the loop corrections to the two-point functions at non-zero temperature. As 
was done in Ref. [2^ (see also section 0]), we neglect the possible Lorentz symmetry violating 
effects caused by the intrinsic temperature dependences of the bare parameters in the present 
analysis. So we calculate loop corrections at non-zero temperature from the bare Lagrangian 
with Lorentz invariance shown in Eq. (j2.5|) . For this purpose it is convenient to introduce the 
following functions: 

MM-T) . T tj , (3.1) 



-00 
00 



r cL k i 



n=— 00 

00 r ^3u (ou ^\^^ 



B ipo,p,M„M,,T) = TJ^J (2^)3 [Mf-P] [Ml- (A: ' ^^'^^ 

where p = \p\ and the 0th component of the loop momentum is taken as k^ = i2mTT, while 
that of the external momentum is taken as p^ = i2n'TTT [n,n': integer]. Using the standard 
formula (see, e.g., Ref. [2^), these functions are divided into two parts as 

Ao{M- T) = 4™^)(M) + MM; T) , (3.4) 
Bo{po,p;M,,M2;T) = ^^^^^(p; Mi, M2) + 5o(po,p; Mi, M2; T) , (3.5) 
B^''{po,p;M,,M2;T) = 5(™^)^'^(p; Mi, M2) + 5^'^(po,p; Mi, M2; T) , (3.6) 

where At"\ B^"^ and express the quantum corrections given in Eqs. ()(LHl - ()(y.3j) . 

and Aq, Bq and B^'^ the hadronic thermal corrections. We summarize the explicit forms of the 
functions Aq, Bq and B^'^ in various limits relevant to the present analysis in AppendixEl Note 
that the 0th component of the momentum po in the right-hand-sides of the above expressions 
is analytically continued to the Minkowski variable: Pq is understood as Pq + ie {e +0) for 
the retarded function and po — ie for the advanced function. Then, aI^'^'^\ i?Q™'^'* and ijC™^)^'^ 
have no explicit temperature dependence, while they have intrinsic temperature dependence 
which is introduced through the Wilsonian matching as we will see later. In the following we 



write the two-point functions of A^-Ay, V^-V^, V^-V^, and V^-V^ as 11^'^, Ily"^, Uy" and ^v\\^ 
respectively. 

At non-zero temperature there are four independent polarization tensors, which we choose 
as defined in Appendix El We decompose the two-point functions 11^'^, Uy U'^^^ and n||"^ as 

ul' = u'^u'W^ + ig"'' - M^M")ni + p^ni + prni , (3.7) 

= u'^u'^Wy + {g"'' - M^u^)ff^ + P^Hy + ^rny , (3.8) 
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FIG. 1: Diagrams for contributions to 11^'^ at one-loop level. The circle (o) denotes the momentum- 
independent vertex and the dot (•) denotes the momentum-dependent vertex. 

nq, = u^u'u'y^^ + {g^'" - u^u'')Ti'y\\ + prnyii + prnvi, , (3.9) 
nf'^ = u^'u^iil + {g^"" - M^M'^)n^ + prnf + prnf , (a.io) 

where = (1,0) and P^'^ and P^*^ are defined in Eq. ()A.1|) . Similarly, we decompose the 
function B'^'^ as 

B^"" = u^'u^B' + (^'^'^ - u^'u'')B' + Pl^B^ + PfB^ . (3.11) 

Furthermore, similarly to the division of the functions into one part for expressing the quantum 
correction and another for the hadronic thermal correction done in Eqs. ()3.4|) - ()3.6p . we divide 
the two-point functions into two parts as 

W'{po,p;T) = n(™^)^'^(po,p) +Tl"'{po,P;T) . (3.12) 

Accordingly each of four components of the two-point functions defined in Eqs. flH.7|l - ()H.10|l 
is divided into the one part for the quantum correction and another for the hadronic thermal 
correction. We note that all the divergences are included in the zero temperature part n^™'^^ 

Now, let us present the entire list of the hadronic thermal corrections to the two-point 
functions. (For the explicit forms of the quantum corrections n^™"^-', see Appendix O) 

We show the diagrams for contributions to 11^'^ at one-loop level in Fig. Q The temperature 
dependent parts are obtained as 

nl(po,p;T) = -NfaM^Bo{po,p;M,,0;T) + Nj^b\po,p;M„0;T) 

+ Nf{a-l)'Ao{0;T), (3.13) 

nl(po,p; T) = -NfaMlBo{po,P\ M^, 0; T) + N^^\p^,p- M„ 0; T) 

+ Nf{a-1)M0;T), (3.14) 

KiPo,P;T) = Nf^B\po,p;M„0;T), (3.15) 

nl{po,p;T) = Nf^B^{po,p;M„0;T). (3.16) 
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FIG. 2: Diagrams for contributions to Hy' at one- loop level. 

As we will see later in sectional we define the vector meson mass as the pole of longitudinal 
or transverse component of the vector meson propagator. The diagrams for contributions to 
Hy' are shown in Fig. |21 We obtain the hadronic thermal corrections to H'^ as 



Uy{po,P;T) = 2NfAo{M,;T) - M'^NfBo{po,p;M„M„T) 

+ jNfB\po,P;0,0;T) + ^NfB\po,P;Mp,M,;T) , (3.17) 
ny{po,P;T) = 2NfMMp;T) - M^^NfBo{po,P;Mp,M„T) 

+ jNfB\po,P;0,0;T) + ^NfB\po,P;M,,Mp;T) , (3.18) 

nviPo,P;T) = -Ap'NfBoipo,P;M„M,;T) 

+ ^NfB\po,P; 0, 0; T) + ^iV;5^(po,p; M„ M,; T), (3.19) 
o o 

nl{po,P;T) = -Ap^NfBo{po,P;M„Mp;T) 

+ ^NfB^{po,P; 0, 0; T) + ^NfB^{po,P; M„ M„ T). (3.20) 

Another two-point function associated with the vector current correlator is ^v'w- We also 
show the one-loop diagrams for contributions to Uy^^ in Fig. 01 We get the temperature 
dependent parts as 

Tly^^{po,P;T) = ^NfMO-,T) + ^NfMMp-,T) + NfM^Bo{po,p-,Mp,M,,T) 

+ ^NfB\po,P; M„ M,; T) + ^^^^NjB\po,P; 0, 0; T), (3.21) 
uUpo,P;T) = ^NfMO;T) + lNfMMp;T) + NfM'MPo,P;M,,M,;T) 
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(d) 



(e) 



FIG. 3: Diagrams for contributions to ^y'u at one-loop level. 



71 



71 




a 

(b) 



K 

(C) 



(d) 



FIG. 4: Diagrams for contributions to nj|'^ at one-loop level. 

+ ^NfB\po,P; M„ M„ T) + ~ ^^ iV;:B^(po,p; 0, 0; T), (3.22) 

nJ;||(po,p;T) = liV^5^(po,p;M,,M,;r) + ^^^^iV;5'^(po,p;0,0;T), (3.23) 

nJ||(po,p;T) = ^-NfB'^{p,,p- Mp, Mp- T) + ~ NjB^{po,p; 0, 0; T). (3.24) 

In section |7J we will define the parameter a from the direct 'yinr coupling using the two-point 
function n||"^. We show the diagrams for contributions to Hji''' at one-loop level in Fig. HI We 
get the temperature dependent parts as 

nJ(po,p;T) = -{a - 1)NjM0;T) - NfM^Bo{po,p;M„M,-T) 

+ ^NfB\po,p;M^,Mp;T) + ^^""^ NfB\po,p;0,0;T) , (3.25) 
n;(po,P; T) = -{a - l)NfAo{0; T) - NfM^Bo{po,p; M„ M„ T) 



9 



1 



(2 - af ^ 



NfB ipo,P;0,0;T), 



At the end of this section, using the relations shown in Eq. ()B.14|) . we obtain 



(3.26) 
(3.27) 
(3.28) 



n 



-IT 



■s 



n 



n 



-n 



VII 



n 



-Nf 



Ao{M„ T) + Ao(0; T) - NfM^Boipo,p; M„ M„ T) . 



(3.29) 



Since the quantum corrections to the corresponding components are identical as we have shown 
in Eq. ()C.14|) . the above relation implies that the components Ily, nyii, nji, Ily, and IIm 



agree: 



n 



V 



n , = n? 



-n? 



(3.30) 



This relation is important to prove the conservation of the vector current correlator as shown 
in Ref. *^ 



4. INTRINSIC THERMAL EFFECTS 



In this section, we first give an account of the general idea of the intrinsic temperature 
and/or density dependences of the bare parameters. Next, following Ref. [2^, we briefly 
review how to extend the Wilsonian matching to the version at non-zero temperature in order 
to incorporate the intrinsic thermal effect into the bare parameters of the HLS Lagrangian. 
There we discuss the effect of Lorentz symmetry violation at bare level, and summarize the 
conditions for the bare parameters obtained in Ref. through the Wilsonian matching at 
the critical temperature. 



4.1. General Concept of the Intrinsic Thermal and/or Density Effects 

In this subsection, we give a general idea of the matching between the effective field theory 
(EFT) and QCD. Green's functions have important information of system, which is generated 



"^-^ Actually, for the conservation of the vector current correlator, Hy — ^ = n*| and Ily = ^ = njl are 
enough, and Hy and Uy can be generally different. 
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by the following functional of a set of source fields denoted by J: 



Z[J]= / VqVqDGe^'i''°^^\ 



(4.1) 



where q (g) denotes quark or antiquark field, G is gluon field and 5'qcd represents the action 
expressed in terms of the quarks and gluons. The basic concept of the EFT is that the effective 
Lagrangian, which has the most general form constructed from the chiral symmetry, can give 
the same generating functional as in Eq. ()4.1|) : 



where U denotes the relevant hadronic fields such as the pion fields and S^s is the action 
expressed in terms of these hadrons. Corresponding to each Green's function derived from 
Eq. (j4.H) . we have the same Green's function obtained from the EFT through Eq. (j4.2j) . Per- 
forming the matching between these two Green's functions, we can determine the parameters 



In some matching schemes, the renormalized parameters of the EFT are determined from 
QCD. On the other hand, the matching in the Wilsonian sense is performed based on the 
following general idea: The bare Lagrangian of the EFT is defined at a suitable matching scale 
A and the generating functional derived from the bare Lagrangian leads to the same Green's 
function as that derived from Eq. (j4.1|) at A. Then the hare parameters of the EFT are 
determined through the Wilsonian matching. In other words, we obtain the bare Lagrangian 
of the EFT after integrating out the high energy modes, i.e., the quarks and gluons above 
A. The information of the high energy modes is included in the parameters of the EFT. 
Thus when we integrate out high energy modes in hot and/or dense matter, the parameters 
are in general dependent on temperature and/or density. The intrinsic temperature and/or 
density dependences are nothing but the signature that the hadron has an internal structure 
constructed from the quarks and gluons. This is similar to the situation where the coupling 
constants among hadrons are replaced with the momentum-dependent form factor in the high 
energy region. Thus the intrinsic thermal and/or dense effects play more important roles in 
the higher temperature region, especially near the critical temperature. 

4.2. Wilsonian Matching 

The Wilsonian matching proposed in Ref. [19] is done by matching the axial vector and vec- 
tor current correlators derived from the HLS with those from the operator product expansion 




(4.2) 



of the EFT. 
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(OPE) in QCD at the matching scale A *'^. 

Here it should be noticed that there is no longer Lorentz symmetry in hot matter, and the 
Lorentz non-scalar operators such as q'y^D,yq may exist in the form of the current correlators 
derived from the OPE ^28]. This leads to a difference between the temporal and spatial bare 
pion decay constants. However, we neglect the contributions from these operators since they 
give a small correction compared with the main term 1 + — This implies that the Lorentz 
symmetry breaking effect in the bare pion decay constant is small, ^^^^.^ ~ ^^^^^ j^l • Thus to 
a good approximation we determine the pion decay constant at non-zero temperature through 
the matching condition at zero terrmerature, putting possible temperature dependences into 



the gluonic and quark condensates [15|, |20| : 
F|(A;T) 1 



A2 



T 



3 A4 ' 27 A6 J ■ ^^'^^ 
Through this condition the temperature dependences of the quark and gluonic condensates 
determine the intrinsic temperature dependences of the bare parameter -F^(A; T), which is then 
converted into those of the on-shell parameter F-j^lfi = 0; T) through the Wilsonian RGEs. 

Now, let us consider the Wilsonian matching near the chiral symmetry restoration point. 
Here we assume that the order of the chiral phase transition is second or weakly first order, 
and thus the quark condensate becomes zero continuously for T — Tc. First, note that the 
Wilsonian matching condition ()4.3|) provides 



A2 



1 + 



TT 



A4 



7^0 



which implies that the matching with QCD dictates 

F^{A;n)^0 



(4.4) 



(4.5) 



les by adding the 
and hadronic 



even at the critical temperature where the on-shell pion decay constant vanis 
quantum corrections through the RGE including the quadratic divergence 
thermal corrections, as we will show in section IHl As was shown in Ref. [l6| for the VM in 
dense matter, the Lorentz non-invariant version of the VM conditions for the bare parameters 
are obtained by the requirement of the equality between the axial vector and vector current 
correlators in the HLS, which should be valid also in hot matter [2^: 



^bare — 



(T,barc \ T^Tc 



'^bare — 



,bare , 



cr, bare 
^ -^7r,bare / 



T^Tc 



gT,ha.re ^ U, 



fl'L.bare U, 



(4.6) 
(4.7) 



'^'^ For the validity of the expansion in the HLS the matching scale A must be smaller than the chiral symmetry 
breaking scale A^. 



12 



where o^are^ '^Lre; 5'T,bare and QL^haie are the extensions of the parameters Obare and (^bare in the 
bare Lagrangian with the Lorentz symmetry breaking effect included as in Appendix A of 
Ref. 0. 

When we use the conditions for the parameters a*''^ in Eq. ()4.6|) and the above result that 
the Lorentz symmetry violation between the bare pion decay constants -F^'bare small, we 
can easily show that the Lorentz symmetry breaking effect between the temporal and spatial 
bare sigma decay constants is also small, -F^bare — -^^bare IS- While we cannot determine the 
ratio g L, hare / Qt, haxe through the Wilsonian matching since the transverse mode of vector meson 
decouples near the critical temperature. *^ However this implies that the transverse mode is 
irrelevant for the quantities studied in this paper. Therefore in the present analysis, we set 
5'L,bare = 5'T,bare for simplicity and use the Lorentz invariant Lagrangian at bare level. In the 
low temperature region, the intrinsic temperature dependences are negligible, so that we also 
use the Lorentz invariant Lagrangian at bare level as in the analysis by the ordinary chiral 
Lagrangian in Ref. js^l- 

At the critical temperature, the axial vector and vector current correlators derived in the 
OPE agree with each other for any value of Q^. Thus we require that these current correlators 
in the HLS are equal at the critical temperature for any value of around A^. As we discussed 
above, we start from the Lorentz invariant bare Lagrangian even in hot matter, and then the 
axial vector current correlator G^^^^ and the vector current correlator G^y^^^ are expressed 
by the same forms as those at zero temperature with the bare parameters having the intrinsic 
temperature dependences: 



GrW;T) = ^.^(A;^)|i-2/(A;T)^3(A;r)] _ 

By taking account of the fact F^(A;Tc) 7^ derived from the Wilsonian matching condition 
I- (|4.4|) , the requirement G^^^^ = Gy^^^^ is satisfied only if the following conditions 



given m 
are met 



g{A-T) 0, (4.9) 



#3 In Ref. lie), the analysis including the Lorentz non-invariance at bare HLS theory was carried out. Due to 
the equality between axial vector and vector current correlators, (gL,barc, <?T,barc) — > (0: 0) is satisfied when 
we approach the critical point. This implies that at the bare level the longitudinal mode becomes the real 
NG boson and couples to the vector current correlator, while the transverse mode decouples. Furthermore 
(7i — > is a fixed point for the RGB [2^. Thus in any energy scale the transverse mode decouples from the 
vector current correlator. 
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a(A;T) = F^{A;T)/F^{A;T) ""^^ 1, (4.10) 
zi{A;T) - Z2{A;T) 0. (4.11) 

Note that the intrinsic thermal effects act on the parameters in such a way that they become 
the values of Eqs. ^M>-^I^- 

Through the Wilsonian matching at non-zero temperature mentioned above, the parame- 
ters appearing in the hadronic thermal corrections calculated in section El have the intrinsic 
temperature dependences: F^, a and g appearing there should be regarded as 

= F,(/i = 0;T) , 
a = a {fi = Mp(T);T) , 

g = g{fi = Mp{Ty,T) , (4.12) 

where Mp is determined from the on-shell condition: 

^ Mf{T) = a{fx = Mp; T)g'{fi = Mp-, T)F^{ix = Mp-, T) . (4.13) 

From the RGEs for g and a in Eqs.dn^i) and ^M), we find that {g, a) = (0, 1) is the fixed 
point. Therefore, Eqs. (j4.9p and (j4.1Uj) imply that g and a at the on-shell of the vector meson 
take the same values: 

a{ix = MpiTy,T) 1, 

g{li = Mp{nT) ^-^^ 0, (4.14) 

where the parametric vector meson mass Mp{T) is determined from the condition (|4.13|) . The 
above conditions with Eq. ()4.13p imply that Mp{T) also vanishes: 

Mp{T) . (4.15) 



5. VECTOR MESON MASS 

In Ref. we have shown that the vector manifestation (VM) in hot matter can actually be 
formulated by using the hadronic thermal correction to the vector meson pole mass calculated 
in the Landau gauge jsi]. In Ref. [2^ the background field gauge was used to calculate the 
hadronic thermal corrections. There the vector meson pole mass was not explicitly studied. 
In this section we first define the vector meson pole masses of both the longitudinal and 
transverse modes at non-zero temperature from the vector current correlator in the background 
field gauge and show the explicit forms of the hadronic thermal corrections from the vector 
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and pseudoscalar meson loop. Then, including the intrinsic temperature dependences of the 
parameters near the critical temperature determined in the previous section, we show that the 
vector meson mass vanishes at the critical temperature. 

Let us define pole masses of longitudinal and transverse modes of the vector meson from 
the poles of longitudinal and transverse components of the vector current correlator in the rest 
frame [2^: 

where 



n^(n^ + 2n 



v\\, 



Wy{iil + 2n^ 



n? 



+ n 



(5.2) 



Then, the pole masses are obtained as the solutions of the following on-shell conditions: 



= Re 
= Re 



Ii'y{p, = m^^{T), 0; T) - U^{po = m^^{T), 0; T) 
UUpo = mliT), 0; T) - lfy{po = ml{T), 0; T) 



(5.3) 



where m^{T) and m^{T) denote the pole masses of the longitudinal and transverse modes, 
respectively. As we have calculated in section|21 Ily{po,p',T), Ily{pQ,p]T) and Uy{pQ,p;T) in 
the HLS at one-loop level are expressed as 

^2 



nt^(Po,p;T) 



p- 



p2 



+ Ui^'ip')+Uy{po,p;T) 



+ nf>Mp^) + n^(po,p;T) 



(5.4) 



where the explicit forms of the finite renormalization effects I\.y{p'^) and I\.^{p'^) are given in 
Eqs. fl(131jl and ()(132|1 . and those of the hadronic thermal effects ny(po,p; T), 11^(^0, p; T) and 
nJ(po,p;T) are given in Eqs. (IT^ . (ITTIH) and (jT^ . Substituting Eq. (Q into Eq. (Q, 
we obtain 



m^(T)l = Ml+g\Mp) 



ml{T) =Ml + g\Mp) 



Ren^(p2) + Ren^(po,0;T) 
-Relil{pl) -ReTly{po,Q-T) 

Ren^(p^) + Ren;.(po,0;T) 



-Ren^(p^)-Ren;.(po,0;T) 



■T , 



(5.5) 
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We can replace m^(T) and mJ(T) with Mp in the hadronic thermal effects as well as in 
the finite renormalization effect, since the difference is of higher order. Then, noting that 
Ren^(p2 = M^) = ReU^^ip^ = M^) = as shown in Eq. KHM . we obtain 



mJ(T) 



M2 - g\Mp) Re [UyiMp; 0; T) - UyiMp-, 0; T) 
M2 - g\Mp) Re K(M,; 0; T) - n;.(M,; 0; T) 



(5.6) 
(5.7) 



Let us compute the explicit form of the pole mass using the expression of 11^, Uy and Hy 
calculated in section El Here we note that Eqs. ()B.24|) and ()B.25|) imply that — agrees 
with B^ — B^ in the rest frame. Then in the rest frame Uy — Uy agrees with Ily — Uy. Thus 
the longitudinal pole mass is the same as the transverse one: 



m^(T)=m^(T)^mp{T) . 



(5.8) 



By using the low momentum limits of the functions shown in Eqs. ()B.23|) and (|B.24|) . Uy — Uy 
in the rest frame is expressed as 



Uy{po,p = 0;T)-Uyipo,p = 0;T) 

^2 M2 



ra 



3^. 



^G^ipo; T) - Jt{Mp- T) + (1^ - pi)Fi{po: Mp- T) + ^-Fl{p,- Mp- T) , (5.9) 



where the functions /„, J^, and are defined in Appendix |Dl Substituting the above 
expression into Eq. ()5.6p and using the relation 



^Fi{Mp-,Mp-,T) = ^Fi{Mp-,Mp-,T) 



we find that the vector meson pole mass is expressed as 

4 ~, 



3M2 



J2(M,;T) 



(5.10) 



miiT) 



Mp' + Nfg' 



33 



-G2{Mp-, T) + -Jt{Mp-, T) + -M^FiiMp, Mp, T) 



12 



. (5.11) 



The contribution in this expression agrees with the result in Ref. which is derived from the 
hadronic thermal correction calculated in the Landau gauge in Ref. 3]J by taking the on-shell 
condition ()5.6|) . 

Before going to the analysis near the critical temperature, we study the behavior of the 
pole mass in the low temperature region, T <C Mp. In this region the functions and are 
suppressed by e~^fl^ , and thus give negligible contributions. Since G2 ~ ^'^'m^i vector 



The functions used in this paper are related to the ones used in Ref. 0| as J\ = 2^Ji, G2 — -^02, and 
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meson pole mass increases as in the low temperature region, dominated by the vr-loop 
effects: 

m/(r)^M/ + ^^r^ for r«M,. (5.12) 

Note that the lack of T^-term in the above expression is consistent with the result by the 
current algebra analysis js^]- 

Now, let us study the vector meson pole mass near the critical temperature. As shown 
in section HI the intrinsic temperature dependences of the parameters of the HLS Lagrangian 
determined through the Wilsonian matching imply that the parametric vector meson mass 
Mp vanishes at the critical temperature. Then, near the critical temperature we should take 
Mp <C T in Eq. ()5.11|) instead of T <^ Mp which was taken to reach the expression in Eq. ()5.12|) 
in the low temperature region. Thus, by noting that 

ji{Mp-T) un 

Mp^Fl{Mp-Mp-T) 0, (5.13) 

the pole mass of the vector meson at T ^ Tc becomes 

mp\T) = Mp^ + Njg^^-^UT) 

= Mp' + Njg^^-^T'. (5.14) 

In the vicinity of a ~ 1 the hadronic thermal effect gives a positive correction, and then the 
vector meson pole mass is actually larger than the parametric mass Mp. However, the intrinsic 
temperature dependences of the parameters obtained in section |3] lead to g ^ and Mp —>■ 
for T — > Tc. Then, from Eq. ()5.14|1 we conclude that the pole mass of the vector meson rrip 
also vanishes at the critical temperature: 



This implies that the VM is rea^ 
picture shown in Refs. jsi B llO. 



mp(T)^0 for T^Tc. (5.15) 

ized at the critical temperature, which is consistent with the 
33|. 



6. PION PARAMETERS AND THE CRITICAL TEMPERATURE 

In this section we first study the temperature dependences of the temporal and spatial pion 



jriefly review how the 
We also estimate 



decay constants and pion velocity in the low temperature region, and 
two decay constants vanish at the critical temperature following Ref. 
the value of the critical temperature in a wider range of input parameters than the one used 
in Ref. Q- 
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6.1. Pion Decay Constant and Pion Velocity 



Since the Lorentz symmetry is violated at non-zero temperature, there exist two pion decay 
constants /* and [12i]. These /* and are associated with the temporal and spatial 
coniponents of the axial vector current, respectively. In the present analysis, they are expressed 
as 1201 



ni(E,p;T) _ + T[^{p,p-T) 

F{j>-T) F^-T) 
ni(E,p;T) F2 + nl(p,p;T) 



(6.1) 

F{p-T) F{p;T) 
where E denotes the pion energy and we replaced E' by p in the hadronic thermal corrections 
Il*j_{E, p; T) and Il']_{E, p; T) since the difference is of higher order. F{p; T) is the wave function 



3 



renormalization constant of the vr field given by 

F\p-T) = Reni(E,p;T) 

= F2 + Renl(p,p;T) 



(6.2) 



By using the above decay constants, the pion velocity at one-loop level is expressed as 1^ |20 1 

#5 

F{p-T) 



vi{p-T) = l + 



F2 



(6.3) 



Re/^(p;r)-Re/*(p;T) . 

In Ref. following Ref. jll|, we defined the pion decay constant f-,, as the pole residue of 
the axial vector current correlator. It is related to the above and at one- loop order as 

f^{P;T) = f^{P;T)mT) . (6.4) 



Furthermore we have 

Substituting Eqs. ()B.1|) and 
on-shell pion as 



Fip-T)=Refl{p-T) . 



(6.5) 



3 into Eqs. ^TWf and (jSZEl), we obtain and for the 



^±{po = P + ^e,p; T) = Nf{a - l)h{T) 



Nf 



-B {p + ze, p- Mp, 0; T) - 2M^Ro{P + ^e, P; Mp, 0; T) 



KiPo = P + ie,p; T) = Nf{a - l)h{T) 



Nf 



1^. 



^B\p + le, p- M„ 0; T) - 2MIBo{P + ze, p- Mp, 0; T) 



(6.6) 



(6.7) 



This form of the pion velocity looks slightly different from the one used in Ref. However, this is 

actually equivalent to the one in Ref. |2ol | at one-loop order, and more convenient to study the temperature 
dependence of the pion velocity in the low temperature region. 
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where we put e +0 to make the analytic continuation for the frequency po = i27cnT to the 
Minkowski variable. We show the explicit forms of the functions B , B and Bq in Eqs. ()B.3|) . 
dEHl and dEH). 

In general the pion velocity in medium does not agree with the value at T = due to the 
interaction with the heat bath. Below Tc, since the temporal component does not agree with 
the spatial one due to the thermal vector meson effect, 7^ 11^, the pion velocity f^(p;T) 
is not the speed of light. As we will see below, in the framework of HLS the pion velocity 
receives a change from the p-loop effect for < T < Tc. When we take the low temperature 
limit (T <^ Mp) and the soft pion limit {p <^ Mp and p <^T), the real parts of 11^ and 11^ are 
approximated as 



KeU\{p,=p + ie,p-T) - NMT) + Nf^h{T) - Nj ^ e~''^/^T'/' , (6.8) 

Renl(po=P + ^e,p;r) ^ - NfhiT) - Nf^UT) + Nj e-''^/^T'/\ (6.9) 

By using Eqs. fj6.8p and ()6.9|) and neglecting the terms proportional to the suppression factor 
g-Afp/T^ the pion velocity is expressed as 

vl{p;T) ^ l-Nf^J,{T) 

IT p 

N T'^ 

= 1 ^-an^^-— < 1. (6.10) 

This shows that the pion velocity is smaller than the speed of light already at one-loop level 
in the HLS due to the p-loop effect. This is different from the result obtained in the ordinary 
ChPT including only the pion at one-loop [see for example, Ref. 12| and references therein]. 
Generally, the longitudinal p contribution to if^ expressed by B^ in Eq. ()6.6p differs from that 
to by B'^ in Eq. ()6.7|1 . which implies that, below the critical temperature, there always 
exists a deviation of the pion velocity from the speed of light due to the longitudinal p-loop 
effect: 

vlip; T) < 1 for < T < . (6.11) 

Next, we study the temporal and spatial pion decay constants in hot matter defined by 
Eq. ()6.H) . The imaginary parts of and 11^ in the low temperature region are given by 

lmU^{po=p + ie,P;Mp,0;T) ^ almB {po = p + ie,p- Mp,0-T) 

^ -^aMle-^^"'^, (6.12) 
Stt ^ 

Imnl(po =P + ^e,p;Mp,0;T) ^ almB^po = p + te,P; Mp,0;T) 



tlLaMle-"^^/^. (6.13) 
Svr 
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— t s 

Thus the contributions from the imaginary parts Imllj^ are small because of the suppression 
factor e"^"/^. From Eqs. (jHIHl) and (jHll) with J2(T) = and I^iT) = vr^T^/SO, we obtain 

the following results for the real parts of /* and 

T2 avr^ [JT 



[Refi]F ^ - 
[Ref:]F ^ Fl - Nf 



12 30M2 V Stt 



11 QTT^ ^4 _ „ . /i!:!p -Mp/Trj.3/2 

12 + 30Mr V87r3'' 



(6.14) 



We note that F = Re/* as shown in Eq. Then, neglecting the terms suppressed by 

g-Mp/T^ we obtain the difference between (/*)^ and /*/^ as 

{fj-fj:^-^arr'j^^>0. (6.15) 

This implies that the contribution from the p-loop (the second and third terms in the brackets) 
generates a difference between the temporal and spatial pion decay constants in the low tem- 
perature region. Similarly, at general temperature below T^, there exists a difference between 
/*F and f^F due to the p-loop effects: [Re/*]F > [Re/^]F. Since we can always take F to be 
positive, we find that Re/* is larger than Re/^: 

Re/*(p;T)>Re/^(p;T) for < T < . (6.16) 

This result is consistent with Eq. (16.111) because — 1 = (F/F^)[Re/^ — Re/*] by definition. 
The difference between (/^)^ and flf^ shown in Eq. ()6.15|) is tiny, and the hadronic thermal 
corrections to them are dominated by the first term {T'^/12) in the bracket in Eq. (|6.14j) . Then, 
in the very low temperature region, the above expressions are further reduced to 

= ifM:) - uif - - (6.17) 

which is consistent with the result obtained in Ref. 0|. 

Now we study how /* and /* behave near Tc. As we have shown in Eq. ()4.4|) . the Wilsonian 
matching determines the bare pion decay constant in terms of the parameters appearing in the 
OPE. Furthermore, as we discussed around Eq. ()4.14|) . at the critical temperature the intrinsic 
thermal effects lead to {g, a) (0, 1) which is a fixed point of the coupled RGEs. Then the 
RGE for becomes 

dF^ Nf o 

This RGE is easily solved and the relation between F^(A; T^) and F^(0;Tc) is given by 

F^2(0;T,) = F'^{A;T^) - ^^A^- (6.19) 
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Finally we obtain the pion decay constants as follows: 

/*F = F^2(0;T)+nl(p,p;T), 

/^F = F2(0;T) + nl(p,p;T), (6.20) 

where the second terms are the hadronic thermal effects. In the VM limit {g, a) —>■ (0, 1) the 
temperature dependent parts become 

ni(p,p; T) - ^T,^ nl(p,p; T) - ^T,l (6.21) 
From Eqs. ()6.4|) . ()6.20|) and ()6.21|) . the order parameter becomes 

fAP; T) m = F^{0; T,) - ^T^. (6.22) 
Since the order parameter f^^ vanishes at the critical temperature, this implies 

F^iO; T) F^iO; = ^T^. (6.23) 

Thus we obtain 

(/*)2^^^^0, fin^'^^^O. (6.24) 
From Eq. (j6.16p or equivalently Eq. (|6.1ip . the above results imply that the temporal and 



spatial pion decay constants vanish simultaneously at the critical temperature 20|: 



fUTc) = ar.) = 0. (6.25) 

Comparing Eq. ()6.22|) with the expression in the low temperature region in Eq. ()6.17|) where 
the vector meson is decoupled, we find that the coefficient of is different by the factor 
|. This is the contribution from the cr-loop (longitudinal p-loop). In the low temperature 
region the vr-loop effects give the dominant contributions to fn{T) and the p-loop effects are 
negligible. However by the vector manifestation the p-loop contributions are also incorporated 
into fTriT) near the critical temperature. 



6.2. Critical Temperature 

In this subsection we estimate the value of the critical temperature Tc where the order 
parameter vanishes. 

We first determine Tc by naively extending the expression ()6.17j) to the higher temperature 
region to get 

j^Jhadron) ^ ^gg ^^y j^^ ^ ^ HoWCVCr this naive extension is inconsistent with 

the chiral restoration in QCD since the axial vector and vector current correlators do not agree 
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^QCD 


0.30 


0.35 


0.40 


0.45 


A 


0.8 


0.9 


1.0 


1.1 


0.8 


0.9 


1.0 


1.1 


0.8 


0.9 


1.0 


1.1 


0.8 


0.9 


1.0 


1.1 


Tc 


0.20 


0.20 


0.22 


0.23 


0.20 


0.21 


0.22 


0.24 


0.21 


0.22 


0.23 


0.25 


0.22 


0.23 


0.24 


0.25 



TABLE I: Values of the critical temperature for several choices of Aqcd and A. The units of 
Aqcd,A and Tc are GeV. 



with each other at that temperature. As is stressed in Ref . [15[ , the disagreement between two 
correlators is cured by including the intrinsic thermal effect. As can be seen from Eq. (j4.3j) . 
the intrinsic temperature dependence of the parameter F^^ is determined from {^G^^G^'^)^ 
and {qq)rp, and gives only a small contribution compared with the main term 1 + However 
it is important that the parameters in the hadronic corrections have the intrinsic temperature 
dependences as {a,g) (1,0) for T Tc, which carry the information of QCD. Actually the 
inclusion of the intrinsic thermal effects provides the formula ()(i.22|l for the pion decay constant 
at the critical temperature, in which the second term has an extra factor of 1/2 compared with 
the one in Eq . (|6.17|) . 

In Ref. ^1 we determined the critical temperature from fniTc) = and estimated the value 
which is dependent on the matching scale A: From Eq. ()fi.23j) we obtain 



Tc = J—F^{0;Tc). (6.26) 

V 



Using Eqs.(jl3I) and (IFTTIID we get [ij 



Tc 



A Y NfTT^ 



a. 



1 + — + 



27r2 {^G^^Gnr. N 



TT 3 A4 4 



(6.27) 



We would like to stress that the critical temperature is expressed in terms of the parameters 
appearing in the OPE. We evaluate the critical temperature for Nj = 3. The gluonic conden- 
sate at Tc is about half of the value at T = 0, and we use (^G^^G'^'^)t, = 0.006 GeVl 
We show the predicted values of Tc for several choices of Aqcd and A in Table B Note that 
the Wilsonian matching describes the experimental results very well for Aqcd = 0.4 GeV 
and A = 1.1 GeV at T = ^1^. At non-zero temperature, however, the matching scale A 
may be dependent on temperature. The smallest A in Table |l] is determined by requiring 
(27r^/3) {^G^^G^''') /A^ < 0.1. Here we note that the critical temperature may be changed by 
including the higher order corrections. 
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7. PARAMETER a AND VIOLATION OF VECTOR DOMINANCE 



In this section we study the vahdity of vector dominance (VD) of electromagnetic form 
factor of the pion in hot matter. In Ref. |36] it has been shown that VD is accidentally 
satisfied in Nf = 3 QCD at zero temperature and zero density, and that it is largely violated 
in large Nf QCD when the VM occurs. At non-zero temperature there exists the hadronic 
thermal correction to the parameters. Thus it is nontrivial whether or not the VD is realized 
in hot matter, especially near the critical temperature. Here we will show that the intrinsic 
temperature dependences of the parameters of the HLS Lagrangian play essential roles, and 
then the VD is largely violated near the critical temperature. 

We first study the direct 77r7r interaction at zero temperature. We expand the La- 
grangian ()2.5|) in terms of the vr field with taking the unitary gauge of the HLS (cr = 0) 
to obtain 



£(2) = tr [d.nd^n] + ag'F^ tr [p^p^] + 2t ( -ag ) tr [p^ [d, 



>7r , TTJ 



- 2 (agF^) tr [p,V^] + 2z [l - -j tr [V>^ [d,n , tt]] + ■ • • , (7.1) 
where the vector meson field p^ is introduced by 

V, = gp, , (7.2) 
and vector external gauge field is defined as 



V,^^ [n, + C,) . (7.3) 



At the leading order of the derivative expansion in the HLS, the form of the direct '-fnir 
interaction is easily read from Eq. ()7.H) as 

^U^re.) = eiq - mi - f ) , (7.4) 

where e is the electromagnetic coupling constant and q and k denote outgoing momenta of the 
pions. This shows that, for the parameter choice a = 2, the direct 77771 coupling vanishes (the 
VD of the electromagnetic form factor of the pion). 

At the next order there exist quantum corrections. In the background field gauge adopted 
in the present analysis the background fields and include the photon field and the 
background pion field tt as 

A = Tr^f,n + ^^A,[Q,r:] + ... , 

V. = eQA,-^^^[d,n,7r] + ... , (7.5) 
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where -F,r(0) is the on-shell pion decay constant (residue of the pion pole) in order to identify 
the field vf with the on-shell pion field, and the charge matrix Q is given by 

/ 2/3 ^ 
Q= -1/3 . (7.6) 

The direct 77r7r interaction including the next order correction is determined from the two- 
point functions of V ^-Vy and A^j^-A^ and three-point function of V frAa-Ap. We can easily show 
that contribution from the three-point function vanishes in the low energy limit as follows: Let 
denote the V ^-Aa-Ap three-point function. Then the direct 77r7r coupling derived from 



VAA 



this three-point function is proportional to qakpTf^^^. Since the legs a and (3 of ^Tyrj 



VAX 



VAA 



carried by q or k, QakpT^^^ is generally proportional to two of g^, k"^ and q ■ k. Since the loop 



integral does not generate any massless poles, this implies that QakpT^^ vanishes in the low 
energy limit q^ = k"^ = q ■ k = 0. Thus, the direct '-/tttc interaction in the low energy limit can 
be read from the two-point functions of V^-V^ and A^-A^ as 



77r7r 



q.Ii^^{q) - k,Ii>'^{k) - -{q - k),U^{p) 



(7.7) 



where Pi, = {q + k)^ is the photon momentum. Substituting the decomposition of the two-point 



function given in Eq. ()C.12|) and taking the low-energy limit q^ - 

r(vac)5^^2 ^ 0) 



= 0, we obtain 



77r7r 



e{q — ky 



2 



Fm 



(7.1 



where we used U^^^'^^^ [q"^ = 0) = F^{0). Comparing the above expression with the one in 
Eq. ()7.4|) . we define the parameter a(0) at one- loop level as 



a(0) 



(7.9) 



We note that, in Ref. [1^], a(0) is defined by the ratio F^(Mp)/F^(0) by neglecting the finite 
renormalization effect which depends on the details of the renormalization condition. While 
the above a(0) in Eq. ()7.9|) defined from the direct '-fnn interaction is equivalent to the one 
In the present renormalization condition fjC16|) . Il\7^'^''^ {p"^ 



used in Ref. 



i(0) in 



n 



(vac) 5 



N 



(p2 = 0) = F^{Mp) + -r^Ml(2 - v^tan-^ Vs) . 



(4vr) 



By adding this, the parameter a(0) is expressed as 



a(0) 



+ 



Nf 



Fm ' w^Fm) 



M2 

p 



[2 - VStan-^ VS) . 



0) is given by 
(7.10) 

(7.11) 
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Using Mp = 771.1 MeV, = 0) = 86.4 MeV estimated in the chiral hmit |3i|38l|39| and 
F^(Mp)/F^(0) = 2.03 obtained through the Wilsonian matching for Aqcd = 400 MeV and the 
matching scale A = 1.1 GeV in Ref. jl^, we estimate the value of a(0) at zero temperature as 



a(0) ~ 2.31 . 



(7.12) 



This implies that the VD is well satisfied at T = even though the value of the parameter a 



at the scale Mp is close to one 

Now, let us study the direct 'ynir coupling in hot matter. In general, the electric mode and 
the magnetic mode of the photon couple to the pions differently in hot matter, so that there 
are two parameters as extensions of the parameter a. Similarly to the one obtained at T = 
in Eq. ()7.7p . in the low energy limit the direct '-fim interaction derived from A^-Ap and V^-V^ 
two-point functions is expressed as 



1 



F{q-T)F{k-T)[ 



qy (go, g; T) - K (fco, fc; t) 



-(g-A;).n|f^(po,p;T) 



(7.13) 



where q and k denote outgoing momenta of the pions and p = (g + /c) is the photon momentum. 
F is the wave function renormalization of the background vf field given in Eq. (j6.2j) . Note that 
each pion is on its mass shell, so that go = VT^{q)q and = v.^{k)k. To define extensions of the 
parameter a, we consider the soft limit of the photon: po ^ and p 0. Then the pion 
momenta become 

go = -h , q = -k . (7.14) 



Note that while only two components 11^ and 11^ appear in q^Ilj^ or k^Hj^, (g — k)pll' 



includes all four components IIm, nji, nji" and nn". Since the tree part of IIm' and nn 



IS 



which vanishes at p"^ = 0, it is natural to use only ny and nj| to define the extensions of the 
parameter a. By including these two parts only, the temporal and the spatial components of 
Ti^^^ are given by 



r;_(0;g,-g) 



2go 



F2(g;T) 



ni(go,g;T)--n;(0,0;T) 



In Ref. [3 J it was assumed that the scale dependent F^r (/i) agrees with the scale-independent parameter i^^ 
in the ChPT at /i = to obtain = 0) = 86.4 ± 9.7 MeV. Here, we simply use this value to get a rough 
estimate of the value of the parameter a(0) as done in Ref. |3- 

Note that we take the po limit first and then take the p — > limit for definiteness. We think that this 
is natural since the form factor in the vacuum is defined for space-like momentum of the photon. 
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r_(0;g, -g) 



Thus we define a*(T) and a'^(T) as 



-2qi 



F\q-T) 



a\q-T) 
a\q-T) 



ni(go,g;T)--n|(0,0;T) 



m(o,0;r) 



(7.15) 



ni(go,g; T) 

m(0,0;T) 



ni(go,g;T) ■ 

Here we should stress again that the pion momentum q^ is on mass-sheU: go = v.,t{q)q. 
In the HLS at one-loop level the above a*(g; T) and a*(g; T) are expressed as 



(7.16) 



a\q-T) = a(0) 



a\q-T) = a(0) 



n;|(0,0;T)-a(0)ni(g,g;T) 

a(0)F2(0;r) 
n;(0,0;T)-a(0)nl(g,g;T) 
a(0)F2(0;r) 



1 + 
1 + 



(7.17) 
(7.18) 



where a(0) is defined in Eq. ()7.9|) . From Eq. ()3.29|) together with Eq. ()B.9|) we obtain ny and 
Tin in Eqs. (TTTTj) and (TTTKI) as 



n (o,0;r) = nn(o,0;r) 



4 



a^l2{T) - Jl{Mp- T) + 2 J!i(M,; T) 



(7.19) 



Before going to the analysis near the critical temperature, let us study the temperature 
dependence of the parameters a*(g;T) and a'^{q;T) in the low temperature region. At low 
temperature T <^ Mp the functions Jl{Mp;T) and J'^i{Mp;T) are suppressed by e"^^''/'^. 
Then the dominant contribution is given by l2{T) = T^/12. Combining this with Eq. ()6.8|) 
and (|6.9|) . we obtain 



a' - a(0) 



1 + 



12 



Aa{0)J F^{0;T) 



(7.20) 



where a is the parameter renormalized at the scale n = Mp, while a(0) is defined in Eq. ()7.9j) . 
We think that the intrinsic temperature dependences are small in the low temperature region, 
so that we use the values of parameters at T = to estimate the temperature dependent 
correction to the above parameters. By using Ft^{0) = 86.4 MeV, a(0) ^ 2.31 given in Eq. ()7.12|) 
and a{Mp) = 1.38 obtained through the Wilsonian matching for (Aqcd , A) = (0.4, 1.1) GeV 
and Nf = 3 [l^, a* and a* in Eq. (j7.20|) are evaluated as 



a* ~ a* ~ a(0) 



1 + 0.066 



T \' 



50 MeV 



) 



(7.21) 
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This implies that the parameters a* and increase with temperature in the low temperature 
region. However, since the correction is small, we conclude that the vector dominance is well 
satisfied in the low temperature region. 

At higher temperature the intrinsic thermal effects become more important. As we have 
shown in section the parameters ((7, a) approach (0, 1) for T — by the intrinsic tempera- 
ture dependences, and then the parametric vector meson mass Mp vanishes. As we have shown 
in section IHl near the critical temperature 11^ and 11^ in Eqs. (j7.17j) and (j7.18|) approach the 
following expressions: 

n^(g,g;T) ^ - , 

nl(g,g;T)^^^^ -^T\ (7.22) 

On the other hand, the functions ny and in Eq. ()7.19|) at the limit of Mp/T and a ^ 1 
become 

nf|(o,0;r) = n^(o,0;r) ^ -^Ut) = -^t' . (7.23) 

Furthermore, from Eq. ()7.1H) . the parameter a(0) approaches 1 for Mp and 

F'AMp)/Fm - 1: 

a(0) 1 . (7.24) 

From the above limits in Eqs. (j7.22p . (j7.23p and (j7.24j) . the numerators of a*(g; T) and a^{q; T) 
in Eqs. fj7.17|) and ()7.18|) behave as 

nJ(0,0;T)-a(0)nl(g,g;T)-.0, 

n;(0, 0; T) - a(0)nl(g, g; T) 0. (7.25) 

Thus we obtain 

a\q-T),a^{q-T)^^^^l . (7.26) 
This implies that the vector dominance is largely violated near the critical temperature. 



8. SUMMARY AND DISCUSSIONS 



In this paper we first showed the detailed calculations of the two-point functions in the 
background field gauge. Then, we showed how to extend the Wilsonian matching to the version 
at non-zero temperature. Throughout this paper, we assume that the chiral phase transition 
is of second or weakly first order so that the current correlators agree with each other at the 
critical temperature. Thus the Wilsonian matching leads to the following conditions: 

g{A;T)^^^^0, a(A;T)^^"^n. (8.1) 
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It is important that these conditions for the bare parameters are reahzed by the intrinsic 
thermal effect only, and further {g, a) = (0, 1) is a fixed point of RGEs. In order to be 
consistent with the chiral symmetry restoration in QCD, the axial vector current correlator 
must agree with the vector current correlator in the limit T — > T^. This agreement is satisfied 
when we incorporate not only the hadronic corrections but also intrinsic effects into the physical 
quantities. 

In section El we studied the vector meson pole mass including the hadronic thermal cor- 
rections calculated in the background field gauge. In the low temperature region T <^ Mp, 
the vector meson mass increases as dominated by the pion loop. When we take the limit 
T — i> Tc, it is crucial that the parameter Mp goes to zero by the intrinsic thermal effect. Then 
we showed that the pole mass of the vector meson vanishes: 

mp{T) 0. 

This implies that the vector manifestation is realized in hot matter as was first shown in 
Ref. Q where we used the hadron.c thermal correetions caleulated „r the Larrdau gauge Q. 

We should stress that the conditions in Eq. ()8.1|) realized by the intrinsic thermal effects, 
which we call "the VM conditions in hot matter" , are essential for the VM to take place in hot 
matter. One might think that the VM is same as Georgi's vector realization j24|, in which the 
order parameter is non-zero although the chiral symmetry is unbroken. However in the VM 
the order parameter certainly becomes zero by the quadratic divergence and chiral symmetry 
is restored by massless vector meson. Therefore the VM is consistent with the Ward-Takahashi 



identity since it is the Wigner realization 14C | 



In section [HI we studied the temperature dependence of the pion velocity together with 
those of the temporal and spatial pion decay constants in the low temperature region. In hot 
matter, the pion velocity is not the speed of light because of the lack of Lorentz invariance. 
Actually we confirmed that 

vl{p;T)c.l-^^T^ <1 for T « Mp. 

We briefly reviewed how the temporal and spatial pion decay constants vanish at the critical 
point simultaneously following Ref. [2^. Then we estimated the value of the critical tem- 
perature. From the order parameter including the intrinsic thermal effect as well as the 
hadronic correction, we obtained the following values for several choices of the matching scale 
(A = 0.8-1.1 GeV) and the scale of QCD (Aqcd = 0.30 -0.45 GeV): 

Tc = 200-250 MeV. 
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We should note that the above values may be changed when we adopt a different way to 
estimate the matrix elements of operators in the OPE side, e.g., an estimation with the dilute 
pion gas approximation [2^ or that by the lattice QCD calculation Even when we choose 
one way to estimate the matrix elements in the OPE, some temperature effects are supposed 
to be left out due to the truncation of the OPE to neglect higher order operators, inclusion of 
which will cause a small change of the above values of the critical temperature. The important 
point is that as a result of the Wilsonian matching, is obtained as in Eq. (j6.27|) in terms of 
the quark and gluonic condensates, not hadronic degrees of freedom. It is expected that the 
value of Tc may become smaller than that obtained in this paper by including the higher order 
corrections. 

Finally in section [71 we presented a new prediction associated with the validity of vector 
dominance fVD) in hot matter. In the HLS model at zero temperature, the Wilsonian matching 
predicts a ~ 2 |l9| which guarantees the VD of the electromagnetic form factor of the pion. 
Even at non-zero temperature, this is valid as long as we consider the thermal effects in the low 
temperature region, where the intrinsic temperature dependences are negligible. We showed 
that, as a consequence of including the intrinsic effect, the VD is largely violated at the critical 
temperature: 

In general, full temperature dependences include both hadronic and intrinsic thermal effects. 
Then there exist the violations of VD and universality of the p-coupling at generic temperature, 
although at low temperature the VD and universality are approximately satisfied. 

In several analyses such as the one on the dilepton spectra in hot matter done in Ref 0, 
the VD is assumed to be held even in the high temperature region. Our result indicates that 
the assumption of the VD may need to be weakened, at least by some amount, for consistently 
including the effect of the dropping mass of the vector meson into the analysis. 

Several comments are in order: 

The unitarity of the scalar channel of vr-vr scattering will be broken around 400-500 MeV 
in the present model although the existence of the p meson helps a little, as was studied in 
Ref. j46|. The unitarity of the vector sector, on the other hand, is not violated due to the 
existence of the vector mesons. Then, we do not consider the scalar sector in the present 
analysis, and we restrict ourselves to the quantities related to the vector and axial vector 



sector. In Ref. jlj], it was discussed that in the limit approaching the critical point, the scalar 
meson may decouple from the theory since the scalar meson belongs to the different chiral 
representation from both the pion and the longitudinal vector meson. 

In section we studied the pole mass of the vector meson at the critical temperature. It 
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is also important to study the screening mass of the vector meson which is determined from 
the vector current correlator as done in the lattice calculation. It is not necessary that the 
correlation function of vector current be divergent at the critical temperature since {q^^q) is not 
the order parameter of the spontaneous chiral symmetry breaking. The vector susceptibility 
Xv is related to the correlation length of the vector current in the static limit and is in fact 
finite at the critical temperature as studied in Ref. [s^l, which is consistent with the result by 
the lattice QCD calculation 45 1. This may imply that the screening mass of the vector 
meson is finite at the critical temperature. 

In the present analysis we neglected the Lorentz symmetry violating effects at bare level 
since they are small as was shown in Ref. [2^ (see also section 0]). It is interesting to include 
such small corrections at bare level and study their effects to the physical quantities (see e.g., 
Refs. Qfl)- 

It is important to study which universality class the VM belongs to. The analysis of critical 
exponents gives the answer of this problem. We will study this in a future publication. 

In this paper, we studied the physical quantities including both hadronic and intrinsic 
thermal effects at the limit T — > as well as in the low temperature region, T -C Mp. It 
is important to study the behavior away from Tc since the properties of vector mesons in the 
temperature region from 100 MeV to 200 MeV are needed for the analysis of RHIC data. This 
will be done in future works. 
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Appendices 



APPENDIX A: POLARIZATION TENSORS AT FINITE TEMPERATURE 

At non-zero temperature there exist four independent polarization tensors, u'^u^, {g'^" 

given by [27[ 



u^u^), Pt^ a nd Pj!^ . The rest frame of medium is shown by = (1,0). Pj^'^ and Pj^'^ are 



where we define = {po , P) and p = \p\. They have the following properties: 

pA* 1 pA* o 

Pl^aP^ = 0. (A.2) 

Let us decompose a tensor n^'^(po,p) into 

n'^^ = M^M^n* + (^'^'^ - u^'u'')U' + P^^U^ + PfU^. (A.3) 
Each component is obtained as 

n* = + ^tf 0, 

■Qs _ _PiYrjPi _ P^^Ypo 
p p p^ ^ 

- = ^PTM.n^^ (A.4) 



APPENDIX B: LOOP INTEGRALS AT FINITE TEMPERATURE 

In this appendix we list the explicit forms of the functions appearing in the hadronic thermal 
corrections, Aq, Bq and B^'^ [see Eqs. ()3.1|) - ()3.6|) for definitions] in various limits relevant to 
the present analysis. 

The functions Aq, which are independent of external momentum p^, is given by 

MMp,T) = Jl{M„T) , (B.l) 
Ao(0;T) = UT) , (B.2) 
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where Jf and I2 are defined in Eqs. ()D.1|) and ()D.2|) . 

We list the relevant limits of the functions i?o(po,P; Mp, 0; T) and B^''{po,p; Mp, 0; T) which 
appear in the two-point function of Ap,. When the pion momentum is taken as its on-shell, 
the function Bq becomes 

Bq{pq = p + ie,p;Mp,0;T) 
(2^ 



2ujp e-p/^ -l\{up- pf - {uiy - 2ie{up - p) {up + p)^ - {ulf + 2it{up + p) 



-1 1 



+ 



2ujI e^'l^ -IUujI- pY -ujI- 2ie{ujl - p) {ujI + pf + 2%e{yjl + p) 



(B.3) 



where we put e — > +0 to make the analytic continuation of the frequency po = i2nnT to the 
Minkowski variable, and we defined 



(B.4) 



Two components i?" and B' of B^'^ in the same limit are given by 



B {po = p + ie,p-Mp,0;T) 
d^k 



(2vr) 



i2ujp-pY 



+ 



2up e-p/^ - 1 1 (cUp - p)2 - (cu?)2 - 2ie{up - p) {up + p^ - (cu?)2 + 2ze(cUp + p) 



+ 



+ 



p- {2k — p) 

p 

-1 1 



2up - p 



2ujp + p 



{ujp - pY - {uj^Y - 2ie{ujp - p) {ujp + pY - {ujIY + 2ie{ujp + p) ^ 



+ 



2u:le-'^/T -l\{uol~pf-ujl-2ie{uol-p) {uol + pf - + 2ie{ujl + p) 



p ■ {2k — p) 



2ujl-p 



2uP+p 



P 



{un - pY - ujj- 2ie{u^ - p) {ujI + pY - ujj + 2ie{uJn + p) _ 



(B.5) 



B\po=p + ie,p-Mp,^)-T) 
d^k 



(2vr) 



2u„ e^pl^ - 1 



X ■ 



j {2k ■ p — p 

p ■ {2k — p) 



1 



1 



_ {ujp - pY - (co'?)2 - 2ie{ujp - p) {ujp + pY - {uj^Y + 2ie{ujp + p) _ 
2ujp - p 2ujp + p \\ 



p 



+ 



{ujp - pY - {ujIY " 2«e(co'p - p) {ujp + pY - {i^lY + 2ze(u;p + p) ^ 
1 



X ■ 



2ujI e<IT - 1 
{2k-p-p^Y ( 



+ 



a;? - pY - ^l- 2ie{uJn - p) {ojI + pY - ^1 + 2ie{ujl + p) 
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p 



{u^ -PY-ujI- 2ie{ujl - p) {ul + pf + 2ie{u^ + p) , 



(B.6) 



We further take the Mp — > hmits of the above expressions. The hmit of -Bo(po = 
p + ie,p; Mp,0;T) includes the infrared logarithmic divergence InM^. However, it appears 
multiphed by in 11^ and 11^, and the product MpBo{po = P + ii,P; Mp, 0; T) vanishes at 



Mp^O limit: 



As for S ' (po = P + ie,p; Mp, 0; T), we obtain 



hm M^EoIpo =P+te,P; Mp, 0; T) = . 



(B.7) 



hm B ipo=p + ze,P;Mp,0;T) = -2h{T) , 
]imW{po^P + i€,P;Mp,0;T) = -2h{T) . 



(B.8) 



In the static limit (po ^ 0), the functions M^Bo{po,p; Mp,0;T) and B\po,p; Mp,0;T) 
B {po,p; Mp, 0; T) become 



lim^M'pBoipo,P;Mp,0;T) 



po- 



Ml 



''J (27r)3u;2_(^P)2 



1 



1 1 



^ e^^p/T _ 1 e'^-/^ - 1 



lim 



S*(po,p; Mp, 0; T) - S^(po,p; Mp, 0; T) 



J (2^ 



-4 



(27r)3a;^-(a;?)2 



(B.9) 



(B.IO) 



Taking the low momentum limits of these expressions, we obtain 



lim M;i?o(po = 0,p; Mp, 0; T) = h{T) - J,^(M,; T), 

^B*(po - 0,p; M^, 0; T) - b\p^ = 0,p; M„ 0; T) 

4 



lim 

p->0 



Ji,{Mp,T) - h{T) 



(B.ll) 



(B.12) 



Moreover, in the VM hmit [Mp ^0), these are reduced to 



limM;So(po = 0,p;M„0;r) ^ 0, 



lim 

p->0 



B\po = Q,P;Mp,Q;T)-B\po = Q,P;Mp,Q;T)\ ""^^ 2h{T) . (B.13) 
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We consider the functions Bq and B appearing in the two-point functions of and V^. 
B and B are calculated as 

b\po,P-0,0;T) = B\po,P;0,0-T) = -2Zo(0;r) = -2/2(r), 



B {po,P;Mp,M,;T) = B\po,P; M„ M,;T) = -2Ao{M,;T) = -2Jl{Mp-T). 



The function Bq is expressed as 



Bo{po,p;M„M,;T) 



I 



(27r)3 



1 



+ 



+ 



-1 1 f 1 1 



+ 



where we define 



In the static limit (po 0), the functions Bq and B are expressed as 



Mt 



-1 



^ e'^^/^ - 1 a;^ e^?^/^ - 1 



\imB\pQ,p;Mp,Mp,T) 
Po— »o 



/■ a « 1 1 1 r 2 - / r ^1 



Taking the low momentum limit (p — > 0), these expressions become 



(B.14) 



(B.15) 



(B.16) 



(B.17) 



(B.18) 



limM^2So(po = 0,p;M„M,;T) = -[j°i(M,;r) - Ji^(M,;r) 
lim 5^(po = 0,p; M„ M,; T) = - 2[m2 70(71^,; T) + 2j2(M,; T) 

In the VM hmit [Mp — > 0), these are reduced to 

limM2So(po = 0,p;Mp,Mp;T) ""^^ 0, 

p— >u 

Imi B^pQ = 0,p- Mp, Mp- T) ""^^ - 4/2(T). 

p— >u 



(B.19) 
(B.20) 

(B.21) 

(B.22) 
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On the other hand, the functions Bq, — B^ and B^ — B'^ in the low momentum hmit 



[p ^ 0) are given by 



1 ^. 



hm 
hm 



E"(po,p; Mp, M,; T) - B'ipo^p; M„ M,; T) = |F3^(po; M,; T), 



2^, 



5^ (po,p; M„ M,; T) - 5^(po,P; M„ M,; T) = |F3^(po; M„ T), 



2 ^, 



where the function is defined in Appendix D. 



APPENDIX C: QUANTUM CORRECTIONS 



(B.23) 
(B.24) 
(B.25) 



In this appendix we briefly summarize the quantum corrections to the two-point functions 
Let us define the functions B^'^'^\ ^(vac)/^j/ ^^^^ a''^^'^'' by the following integrals (14i] : 

rf"A; 1 



B^r\p-M^,M2) 
B^'"^'^^"'{p-Mi,M2) 



i(27r)4M2 - P 



i(27r)4 [Ml - k^][Mi -{k- p)2] 
{2k-pY{2k-pY 



(C.l) 
(C.2) 
(C.3) 



i(27r)4 [Mf - P][M| - (A; - p)^] ' 

In the present analysis it is important to include the quadratic divergences to obtain the 

we adopt the dimensional 



RGEs in the Wilsonian sense. Here, following Refs. 
regularization and identify the quadratic divergences with the presence of poles of ultraviolet 
origin at n = 2 j42,]. This can be done by the following replacement in the Feynman integrals: 

d^k 1 A2 r d^k k.,ku A2 



i(27r)"-P ' (47r)2 ' 7 i(27r)" [-F]^ 2(47r)2- 
On the other hand, the logarithmic divergence is identified with the pole at n = 4: 



where 



- + 1 ^ InA^ , 
e 



- 7s + ln(47r) 



(C.4) 

(C.5) 
(C.6) 



e 4 — n 
with 7^; being the Euler constant. 

By using the replacements in Eqs. ()(y.4jl and ()(I5jl . the integrals in Eqs. (jC^.ljl . ()(I2jl and 

r3l) are evaluated as 



A' 



, A2 
m ■ 



(47r)2 (47r)2 



(C.7) 
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(47r)^ 



lnA^-l-Fo(p';Mi,M2 



(C.^ 



-9 



(4vr) 



2^' - Ml In ^ - M| In ^ - (M^ - M|)F^(p2; Mi, M^) 



1 



(47r)2 

where Fq, F4 and F3 are defined by 

»i 



F3(s;Mi,M2l 



(ix In 



In - Fo(p2; Mi, M2) + AF^ip"; Mi, M2 



(1 - x)Ml + xMa^ - x(l - x)s 



(C.9) 



rfx (1 - 2x) In (1 - x)Ml + XM2 - x(l - x)s 



dxxil — x) In 



;i - a;)Mi + XM2 - x{l - x)s 



(C.IO) 



We consider the quantum corrections denoted by n*^™'^^^'^ [see Eq. fj3.12|) ]. At tree level the 
two-point functions of A^, and V ^j, are given by 

np'^^(p) = F,^,,_^7'^^ + 2zi,w(p^^?^'^-pV) , 

fi'bare 



Thus the one-loop contributions to give the quantum corrections to and Z2. Simi- 



larly, each of the one-loop contributions to Hn™'^''^'^, njj^^-'^'^ and 11 



(vac)^!!/ includes the quantum 



corrections to two parameters shown above. For distinguishing the quantum corrections to two 
parameters included in the two-point function, it is convenient to decompose each two-point 
function as 



P — P'^P 



(C.12) 



It should be noticed that, since we use the Lagrangian with Lorentz invariance, the form of the 
quantum corrections is Lorentz invariant. Then, the relation between four components given 
in Eqs. f|3.7p - ()3.10p and two components shown above are given by 



■j-|-(vac)t ■Q(vac)s ■j-|-(vac)S' 

■j-|-(vac)_L ■Q(vac)r ■j-|-(vac)LT 



(C.13) 



Using the decomposition in Eq. ()C12|) . we identify ^]^^_\oo^-){p^) with the quantum correction 
to F^, n^i^^ j^^ -^fjo^^) with that to ^2, and so on. It should be noticed that the following relation 



is satisfied ll9[ : 



n 



(vac)5/ 2 



V 



-^vf'iP^) 



(C.14) 
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Then the quantum correction to can be extracted from any of Ily"^, Uy" and ^'y^^- 

We note that in Refs. 0, [l^ the finite corrections of ^\l^\Qop) neglected by assuming 
that they are small. In this paper we include these finite contributions in addition to the 
divergent corrections. As in Refs. 15, we adopt the on-shell renormalization condition. 
They are expressed as 



Re 



Re 
Re 



-pr(vac)5 



0) 



i^'(/i = M,), 



n 



(vac) LT/ 2 



V 



(C.15) 
(C.16) 

(C.17) 



where /i denotes the renormalization point. Using the above renormalization conditions, we 
can write the two-point functions as 



n 



(vac)5^^2 



n 



(vac) S 
V 



n 



(vac)LT/ 2 



V 



(C.18) 



where 11^ (p^), Ily{p'^) and Yly^^p"^) denote the finite renormalization effects. Their explicit 
forms are listed below. From the above renormalization conditions they satisfy 



ni(p2 = 0) = Ren^(p2 



Ren^V = M,^ 







(C.19) 



Thus in the present renormalization scheme, all the quantum effects for the on-shell parameters 
at leading order are included through the renormalization group equations. 

In the following, using the above functions, we summarize the quantum corrections to 



two components n*^™'^-''^ and of the two-point functions 11 



{va,c)iiu -Q(vac)/j!^ -[-[-(vac)/^!^ 



and 



n 



(vac) fiu 
VII 



which are defined in Eq. ()C.12|) . For A^-Ay two-point function, we obtain 



n 



(vac) 5 
_(l-loop) 



Nf 



+ -a M2 In A^ + -a Ml In Ml 



In the framework of the ChPT with HLS, the renormalization point /i should be taken as /i > Afp since the 
vector meson decouples at /i = Mp. Below the scale Mp the parameter i^^, which is expressed as F!f \^) 
m Refs. QEi, 

runs by the quantum correction from the pion loop alone. Then F^^fi = 0) in the right- 
hand-side of the renormalization condition Eq. I)C.15|1 is defined by [Fi'"\^ = 0)]^. Due to the presence 
of the quadratic divergence FTr(Mp) is not connected smoothly to Fi^\Mp). The relation between them is 
expressed as [Fi''^(A//p)]2 = F^{Mp) + [iV//(47r)2][a(A/p)/2]Af2, where a(^) for /i > Mp is defined as 

a{^) = F^ (n) / F^ {^) . By using this relation, the renormalization condition ljC.15|l determines the condition 
for F^{Mp). Strictly speaking, we should use FTr{Mp) in the calculations in the present analysis. However, 
the difference between Ft^{0) and F.^{Mp) inside the loop correction coming from the finite renormalization 
effect is of higher order, and we use F^(0) inside one-loop corrections in this paper. 
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'■±(l-loop) 



Nf a 



(47r)2 4 



— a 
-1 



Ml[l + Fo{p'; M„ 0) + M„ 0)} 



In - Fob'; 0) + 4F3(p'; M„ 0) 



(C.20) 



Corrections to V^-V^, two-point function are given by 



n 



n 



(vac) 5 
(1-loop) y 

ll(l-loop) iP'^) 



Nf 



{Any 



4 



+ ^M^2 In + M^jl In - 1 - Fo(/; M^, M, 



(vac) LT / 2\ 



Nf 1 ra^ - 4a + 5 



(47r) 



\nA'~Fo{p';M,,Mp) 



+ AF^ip"- Mp, M,) - 4(2 - a)2 InM^^ 



(C.21) 



As for V a-Vu we have 



n 



(vac) 5 
V(l-loop) 



(/) = n 



(vac)S / 2n 
II (1-loop) IP )i 



n 



(vac) LT ^^2 
y(l-loop) 



Nf 



(An) 



a' -87 
24 
9 



23 

lnA2 + 4+-Fo(/;M„M,) 



+ -F3(;^^ M„ M,) - ^{Fo(p'; 0, 0) - AF^ip'; 0, 0)}] . (C.22) 



Finally, corrections to V^-Vu two-point function are expressed as 



J-\i^^^)S ( 2\ _ _-pr(vac)5 / 2n 
^^V\\(l-loop)\P ) — -^^11 (1-loop) IP J' 



n 



(vac)Lr 

y||(i-ioop) 



Nf 1 



(Att) 



lnA2-a(2-a) InM; 



- Foip^; M„ M,) + AFsip^; M„ M,, 



(C.23) 



The renormalization conditions in Eqs. ()C15|) - ()U.17|) lead to the following relations among 
the bare and renormalized parameters: 



,bare 



4(47r) 



:[2(2-a)A' + 3aM;inA' 
[(a2 + l)A2 + 3M2lnA2; 



p2 

(T,bare a / A —\2 



4(47r) 



F^{Mp) - ^^M2[31nM„2 - 4(1 - Vstan-^ Vs)], 



4(47r)2 
In A 



(C.24) 



(C.25) 



gLe (4vr)2 24 

1 A^/ .87 -a^ 



(72(M,) 8(47r)^ 



1 47 — ^n"^ 

\YiMl - + 41v^tan-i v^]. (C.26) 

9 
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From these relations, we 



obtain the RGBs for the parameters F^, g and a as 



N 



7 



da Nf 



^d[i 2(47r)2 
dg-" _ Nf 



Sa^g^F^^ + 2(2 - a)fi^' 
- l)[3a(a + 1)/ - (3: 



a 



- r 



6 



The finite renormahzation effects of the two-point functions are expressed 



as 



n^(p') = ^M2[-v^tan-iy3 + 2^ 



4M2 - )02 

tan~^ 



f-P^\ ( r- 1 r- 



^^ 4M2 - p2 



2(12M2 + 29p2 



4M2 - p2 

\ tan~^ 

pi 



pi 



^4M2 



(C.27) 
(C.28) 
(C.29) 

(C.30) 
(C.31) 



(C.32) 



APPENDIX D: FUNCTIONS 



In this appendix, we hst the integral forms of the functions which appear in the expressions 
of the physical quantities and the several limits of the loop integrals shown in Appendix |Bl 
The functions /„(T) and J^(M;T) (n, m: integers) are given by 

d^k 1 



- = / 

(27r)3 e'^/^ - 1 27r2 " 

d^k 1 



(2vr)3 e"^/^ - 1 cj^ 



(D.l) 
(D.2) 



where 



UJ = y/WTW . (D.3) 

The functions F^{j)q] M]T) and Gn{Po]T), which appear in the vector meson pole mass in 
sectional are defined as 

d^k 1 4|fc|™-2 



F^{po;M;T) 
Gn{po;T) = 



(27r)3e'-/'^-lcj(4cj2-po2) ' 
d^k |fc|"-3 4|A?|2 
(27r)3e'=/^-l4|^|2-po2 ' 



(D.4) 
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